Device-independent certification of the teleportation of a qubit by Ho, Melvyn et al.
Device-independent certification of the teleportation of a qubit
Melvyn Ho,1 Jean-Daniel Bancal,1 and Valerio Scarani1, 2
1Centre for Quantum Technologies, National University of Singapore, 3 Science Drive 2, Singapore 117543
2Department of Physics, National University of Singapore, 2 Science Drive 3, Singapore 117542
(Dated: November 9, 2018)
We want to certify in a black box scenario that two parties simulating the teleportation of a
qubit are really using quantum resources. If active compensation is part of the simulation, perfect
teleportation can be faked with purely classical means. If active compensation is not implemented,
a classical simulation is necessarily imperfect: in this case, we provide bounds for certification of
quantumness using only the observed statistics. The usual figure of merit, namely the average
fidelity of teleportation, turns out to be too much of a coarse-graining of the available statistical
information in the case of a black-box assessment.
Introduction.– Shortly after the milestone paper that
introduced quantum teleportation [1], the question was
asked of which deviation from the ideal case one can tol-
erate while still claiming that proper quantum effects are
being observed. Popescu proved that, if Alice and Bob
share no entanglement, the average fidelity for the tele-
portation of unknown qubit states is bounded by F¯ = 23
[2]. This bound has been widely used as a benchmark
for experiments [3, 4], including the most recent ones
[5, 6]. The bound at 23 holds if one trusts that the quan-
tum systems under study are qubits. By using larger-
dimensional alphabets, the model of Gisin [7] reaches up
to an average fidelity F¯ ≈ 0.87 with only classical re-
sources. The relation between Bell’s theorem and tele-
portation, which inspired already [2], has been further
studied by the Horodecki family [8], Zukowski [9], and
eventually by Clifton and Pope [10]. This work states
that F¯ & 0.9 would guarantee that the observed telepor-
tation phenomenon has not been simulated with local
variables.
However, at a more careful glance, even the treatments
based on Bell inequalities invoke two-qubit algebra at
one stage or another to complete the calculation. The
fact that it could be critical to resort to qubits at any
stage was noticed only several years later, in the context
of quantum key distribution [11], where this threatened
the security of existing protocols. This observation in
turn lead to the idea of device-independent assessment
[12]. The device-independent framework has since been
applied to several quantum information tasks (see [13, 14]
for reviews). It is time to reconsider the assessment of
quantum teleportation in this by now well established
framework: this is the goal of the present paper.
Operational black-box description.– A vendor is selling
two boxes which allegedly perform quantum teleporta-
tion of a qubit state (Fig. 2). The input of each box
consists of a unit vector on the surface of sphere S2 em-
bedded in R3. Alice’s vector ~a is meant to describe the
state to be teleported as |ψ〉〈ψ| = 12 (I+~a ·~σ) [18]. Bob’s
vector is meant as his choice of performing the measure-
ment along ~b · ~σ on the teleported state. Alice and Bob
inform the vendor that they will treat their inputs as de-
~a ~b
  2 ±1c0, c1
~a ~b
  2 ±1c0, c1
FIG. 1: Operational black-box description of the teleporta-
tion of a qubit in 2 different ways Bob can use the two bits
of communication. In the first scenario, the two bits are in-
put into Bob’s side to perform a compensation depending on
(c0, c1). In the second scenario, Bob’s box cannot benefit from
the two bits of information, since they are sent only after the
outcomes are obtained.
fined in the same reference frame. For every input, Alice’s
box outputs two bits (c0, c1) ∈ {0, 1}2, while Bob’s box
outputs a bit β ∈ {−1,+1}. The two boxes are claimed
to be loaded in each run with a maximally entangled two-
qubit state. But there is no direct a priori evidence for
it: in fact, this is we will aim to infer a posteriori by ob-
serving the statistical behavior of the boxes. In the ideal
teleportation experiment, conditioned on (c0, c1), Bob’s
box contains a qubit in the state ρB =
1
2 (I+(Rc0c1~a) ·~σ),
where the four SO(3) matrices are the identity R00 = I
and the rotations by pi along three orthogonal directions,
R01 = R(xˆ, pi), R10 = R(yˆ, pi) and R11 = R(zˆ, pi).
We are going to show that a black-box certification of
qubit teleportation is indeed possible and provide explicit
bounds for its conclusiveness. As a first step, we have
to spell out two consequences of working in a black-box
scenario.
Consequence 1: impossibility of active compensation.–
When teleportation is used as a building block in a larger
protocol, one typically wants to recover the input state of
Alice deterministically on Bob’s side. To this effect, Alice
is asked to send (c0, c1) over to Bob’s location, so that
he can apply the unitary transformation corresponding
to Rc0c1 on the Bloch vector, and ideally recover Alice’s
state. Experiments that include this active compensa-
tion [6] are rightly considered as more advanced than
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2those that don’t. If Bob were to perform a measure-
ment along ~b after the compensation, he expects to find
〈β〉 = ~a ·~b. Now, in the black-box scenario, active com-
pensation translates to allowing two more bits of input
in Bob’s box (Fig. 2a), but the way this information
is processed within the box may be very different from
applying a rotation. Thus, the black-box version of tele-
portation with active compensation gives more leeway
for the vendor to cheat — too much leeway, as it turns
out: with those additional two bits of input in Bob’s
box, the statistics of perfect teleportation can be simu-
lated with only classical resources. This conclusion is an
immediate corollary of the Toner-Bacon simulation of the
singlet [15]; it supersedes previous, slightly less efficient
simulations of teleportation [16]. As we are going to see,
black-box certification of teleportation becomes possible
if one collects (c0, c1) and β separately, then studies the
conditional statistics: in other words, if one presents the
data of teleportation in analogy with a Bell test [9].
Consequence 2: need to assume that the state to be
teleported is known.– One of the main features of quan-
tum teleportation is that the protocol works even when
the state to be teleported is unknown to the person who
sets up the Bell-state measurement. Whether this feature
must be requested of simulations has been debated, and
ultimately depends on each author’s choice of assump-
tions. For the black-box scenario, the case is clear: the
certification must be done against protocols that simu-
late teleportation of a known state. Indeed, in the two-
box scenario presented here, Alice’s box simulates both
the qubit source and the Bell state measurement. Since
Alice inputs ~a as classical information, this information
can be copied and made available at any of the internal
steps that happen in the box. It would not help to ask
the vendor to build the source as a separate box, because
this box must send a signal (the alleged qubit) to the box
that allegedly performs the Bell state measurement: that
signal could carry the classical description of the state.
Operational description of teleportation.– After these
considerations, we focus on the scenario sketched in
Fig. 2b. The available data are a table of values
(c0, c1, β|~a,~b) for each run of the experiment. For each
choice of ~a,~b ∈ S2, we assume that infinitely many runs
of the experiment are performed (that is, we neglect sta-
tistical fluctuations). From this table, one can extract
the probability distributions P (c0, c1, β|~a,~b), which will
be used to check the violation of a Bell inequality. The
ideal case is represented by
Pideal(c0, c1, β|~a,~b) = 1
8
[1 + β(Rcoc1~a) ·~b] . (1)
The average fidelity of teleportation is the most fre-
quently used measure of quality of a teleportation pro-
tocol. In order to define it in this operational scenario,
notice first that (Rcoc1
~V ) ·~b = ~V · (Rcoc1~b). Thus, Bob
will sort the data of the table in order to reconstruct
P (β|c0, c1,~a,Rcoc1~b) =
1
2
(1 + ~V ′coc1(~a) ·~b) . (2)
On the right-hand side, we have made the assumption
(which can be verified a posteriori) that the observed 〈β〉
is linear in ~b. If this were not the case, it is manifest that
Bob is not measuring a qubit. If the linear behavior is
indeed observed, Bob can extract a compensated vector
~Acoc1(~a) which should ideally be equal to ~a. The average
teleportation fidelity can thus be estimated by sampling
Alice’s inputs at random:
F¯ =
∫
d~a
4pi
∑
c0,c1
P (c0, c1)
1 + ~Acoc1(~a) · ~a
2
. (3)
Device-independent certification of quantum resources
in teleportation.– Let us move to the constructive descrip-
tion of the certification, based on the scenario . Here we
present one approach, not claimed to be optimal, that
uses, like [10] , the CHSH inequality. In the protocol, Al-
ice can choose between two inputs ~a0 and ~a1; similarly,
Bob can choose between ~b0 and ~b1. Alice’s outcome con-
sists of two bits, from which we want to extract one bit
α ∈ {−1,+1}: we choose the prescription α ≡ 2cj − 1 if
Alice’s input was ~aj . Now one can evaluate
CHSH = E00 + E01 + E10 − E11 (4)
with
Ejk ≡ P (α = β|j, k)− P (α 6= β|j, k)
= P (cj = 0, β = −1|j, k) + P (cj = 1, β = +1|j, k)
− P (cj = 0, β = +1|j, k)− P (cj = 1, β = −1|j, k)
where P (cj , β|j, k) ≡ P (cj , β|~aj ,~bk). If CHSH > 2 in a
loophole-free assessment, the two boxes must have shared
quantum entanglement. This is a very standard device-
independent argument by now. The interesting step con-
sists in studying its implications for a teleportation setup.
A first application.– For a first assessment, let us con-
sider a pair of boxes that produces the statistics
Pobs(c0, c1, β|~a,~b) = 1
8
[1 + β~Vcoc1(~a) ·~b] . (5)
This model captures in particular Alice’s statistics
P (c0, c1|~a) = 14 , as well as the fact that Bob’s statistics
are linear in ~b (if this were not the case, Alice and Bob
would immediately be suspicious because of a non-trivial
departure from the qubit behavior). Then
CHSH =
1
4
∑
c1
(~b0 +~b1) ·
[
~V0,c1(~a0)− ~V1,c1(~a0)
]
+
1
4
∑
c0
(~b0 −~b1) ·
[
~Vc0,0(~a1)− ~Vc0,1(~a1)
]
(6)
3Assume further that
~Vc0,c1(~a) = λRc0c1~a , λ ∈ [0, 1] (7)
that is, in an active-compensation teleportation Bob
would always retrieve λ~a if Alice has input ~a, indepen-
dent of c0 and c1; again, this is the expected behavior
when the resource state is a Werner state, for example,
and can be checked on the observed statistics. This as-
sumption also implies that the post-processing fidelity of
each vector is the same as the active compensation case.
Then
CHSH = λ
[∑
c1
(~b0 +~b1) · ~a0,x +
∑
c0
(~b0 −~b1) · ~a1,y
]
(8)
where ~a0,x refers to the x-component of the vector ~a0, and
~a1,y refers to the y-component of the vector ~a1. Here, the
vectors ~Vc0c1 represent the vector that Bob would have
had, without compensation to obtain ~Ac0c1 . The fact
that the spatial symmetry is broken is just a consequence
of our initial choice of α, as different choices could be
used to pick up any of the following pairs of components
from Alice’s vector: (ax, ay), (ax, az), (−ax, ay) and so
on. Therefore, if Alice were to choose ~a0 = ~x and ~a1 = ~y,
there are settings for Bob such that the resulting CHSH
expression is violated whenever λ ≥ 1√
2
. This translates
to a critical average teleportation fidelity F¯ = 12 (1+λ) ≥
1
2 (1 +
1√
2
) ≈ 0.85 [19].
From our calculation, one may be tempted to draw the
conclusion that F¯ ≥ 0.85 is sufficient to certify quantum
teleportation in a black-box scenario. However, there is
a counter-example to this statement: in 1996, Gisin has
presented the simulation of the teleportation of a known
state that achieves F¯ ≈ 0.87 using only classical resources
[7]. We are going to study this model in the next section.
Gisin’s classical simulation revisited.– In a classical
simulation of teleportation, only the two bits of commu-
nication will convey information about ~a to Bob’s box.
Gisin’s protocol uses them to tell in which quarter of
the Bloch sphere ~a lies. The Bloch sphere is divided in
four equal quarters Sij , each having in its center one of
the ~tij = Rij~t00 thus defined: ~t00 =
1√
3
(+1,+1,+1),
~t01 =
1√
3
(+1,−1,−1), ~t10 = 1√3 (−1,+1,−1) and ~t11 =
1√
3
(−1,−1,+1). Bob’s box contains ~t00 and outputs β
distributed according to 〈β〉 = ~b · ~t00. Thus the protocol
produces
PGisin(c0, c1, β|~a,~b) = δ(~a ∈ Sc0c1)
1
2
(1 + β~t00 ·~b) .(9)
Notice how Alice and Bob are completely uncorrelated.
These statistics lead to CHSH = 0. Also, it is easy to see
that
PGisin(β|c0, c1,~a,Rc0c1~b) =
1
2
(1 + β~tc0c1 ·~b) (10)
for ~tc0c1 which is in the same sector as ~a. The average
teleportation fidelity is therefore
F¯ =
1
4
∑
c0c1
d~a
pi
∫
Sc0c1
1 + ~tc0c1 · ~a
2
=
∫
S00
d~a
pi
1 + ~t00 · ~a
2
=
1
2
[
1 + 3
1
pi
∫ pi
pi/3
dφ
∫ u(φ)
0
dθ cos θ sin θ
]
≈ 0.87
with u ≡ tan−1[
√
2
cos(φ+pi3 )
].
The observable statistics (9) are however significantly
different from the ones we posited before [Eqs (5) and
(7)]. Notably, Alice’s output (c0, c1) is deterministic for
a given ~a. Bob’s box is found to contain always the same
vector ~t00, which does not depend on ~a at all. One could
try to modify the protocol in order to erase these obvious
shortcomings. For instance, Alice’s output could be ran-
domized by adding two bits of shared randomness (r0, r1)
to both her and Bob’s box. Alice’s box would then output
(c0, c1) = (c
′
0 ⊕ r0, c′1 ⊕ r1) when ~a ∈ Sc′0c′1 , while Bob’s
box would contain ~tr0r1 . SinceRijRi′j′ = Ri⊕i′,j⊕j′ , this
hashing leaves unchanged (10), thence the fidelity. As for
(9), it is replaced by PGisin(c0, c1, β|~a,~b) = 18 , and gives
CHSH = 0. So at least Alice does not detect anything
obviously wrong locally, since P (c0, c1) =
1
4 .
One could also randomise Bob’s vectors by randomis-
ing the frame uniformly of the tetrahedron for each run of
the protocol, and for Bob’s box to contain t00 of the that
frame for every run. This also gives us P (c0c1|~a) = 14 ,
and nonzero ~Vc0c1 such that one obtains a nontrivial
CHSH value, but also a low fidelity of 0.5.
The point here is that in excluding local protocols, the
local statistics may already cast doubt on whether the
protocol is truly close to the ideal case. Furthermore, the
local statistics may be used as verifiable assumptions, to
form useful bounds specific for a particular experiment.
For us, the Gisin model and the variants we just discussed
serve to highlight the fact that these assumptions should
be verified when concluding if the teleportation protocol
utilises quantum resources, especially in the fidelity re-
gion close to 85%. Also, despite the high fidelity of the
Gisin model in the active case, these simple modifications
do not show a strong relation between the post-processing
fidelity and CHSH value.
Low fidelity, high CHSH.– Now we consider whether it
is possible to observe a low teleportation fidelity, and yet
a high CHSH violation.
For this situation, consider a teleportation protocol
that maps ~a to the Vc0c1(~a) that one expects in a perfect
teleportation experiment, but only for the two vectors we
require for our CHSH function:
~a 7→ ~Vc0c1(~a) =
{
Rc0c1~a for ~a ∈ {~x, ~y}
0 otherwise
4In this case, the average fidelity across the entire sphere
is essentially 0.5. However, one can obtain CHSH = 2
√
2
by using the settings that were previously chosen. For
sure there is nonlocality in the system, and this is re-
flected in the violation of CHSH, but this maximal viola-
tion is attainable by a system that has a very bad fidelity,
indicating that a low average fidelity might have little re-
lation to the performance of the protocol with respect to
a finite number of input choices, and does not necessarily
mean that the protocol is local.
While it is not clear that something close to this ex-
treme case can happen in practice, at least the tools we
use here do not allow us to put a tighter bound on the
lowest fidelity for which a Bell violation can be observed.
Highest fidelity without CHSH violation.– To complete
our study, we also describe a possible protocol Pcrit that
has the highest average fidelity without yielding a vio-
lation. Here we will not impose the condition in Eqn
(7), but only that the compensated ~Vc0c1 form a consis-
tent description, i.e. ∀ ~ax,∃~aBx s.t. Rc0c1 ~Vc0c1( ~ax) = ~aBx ;
along with Eqn(5). To construct such a protocol, we
recall that the CHSH function we derived earlier (in par-
ticular, the specific coarse graining to determine α) picks
out a particular component of each of the teleported ~aBx .
This means that to limit CHSH ≤ 2 for all choices of
settings, the resultant vectors ~aBx must have individual
components limited to some amount. For example, if the
teleported vector ~aB0 is such that ~a
B
0,z = ± 1√2 , then ~aB1,x
and ~aB1,y for any input ~a1 must be limited to
1√
2
as well.
We could also limit the maximal z-component of any tele-
ported vector to be an arbitrary Wz, meaning that the
x and y components of any other vector should be at
most
√
2−Wz to obtain CHSH=2. However, we checked
that the protocol with the highest overall fidelity is for
Wz =
1√
2
.
There are two distinct classes of optimal assignments
~aBx for every ~a. Some vectors could be teleported with
perfect fidelity without having any component larger
than 1√
2
. One such example of Alice’s input is the vec-
tor ~a = 1√
3
(+1,+1,+1). For such inputs, we can allow
the protocol to teleport these vectors perfectly, as such
vectors do not yield a violation. Therefore, for inputs of
Alice in such a region, we allow our protocol to teleport
with perfect fidelity:
~a 7→ ~aBx = ~a
The second class of assignment ~aBx is for vectors that
would allow for a violation if they were perfectly tele-
ported. To avoid this, we deterministically assign ~aBx
in such a way as to maximise the fidelity while keeping
the largest component at ± 1√
2
. As an example, con-
sider inputs in the upper cap of the Bloch sphere, with
z-component larger than 1√
2
. With such inputs, the tele-
ported vector with the highest fidelity without violation
is a vector on the intersection of z = 1√
2
. Hence, our
protocol should not be allowed to teleport these vectors
perfectly, but with some reduced fidelity:
Upper cap : ~a =
 sin θ cosφsin θ sinφ
cos θ
 7→ ~aBx =

1√
2
cosφ
1√
2
sinφ
1√
2

FIG. 2: Schematic of the region of the sphere with z-
component larger than 1√
2
. For a particular input vector (in
red), the optimal output vector with the highest fidelity (in
blue) would be a vector with the same phase φ, but with
z-component limited to prevent any possible violation.
The other 5 regions are mapped in a similar fashion.
Average fidelity over inputs with z-component larger
than 1√
2
:
F¯cap =
1
2
+
1
2
∫ 2pi
φ=0
∫ pi/4
θ=0
~aBx · ~a sin θ dφ dθ∫ 2pi
φ=0
∫ pi/4
θ=0
sin θ dφ dθ
(11)
=
1
2
+
1
2
pi2
4
√
2
2pi(1− 1√
2
)
(12)
=
1
2
[
1 +
pi
8(
√
2− 1)
]
(13)
Assigning a fidelity of 1 to the remaining regions, the
fidelity of the protocol Pcrit is then
F¯Pcrit =
[(12pi)(1− 1√
2
)] ∗ F¯cap + [4pi − (12pi)(1− 1√2 )]
4pi
≈ 0.97718 (14)
SUMMARY
In the first section, we investigate and lay out the
framework of quantum teleportation in the device-
independent scenario, and point out that with active
compensation, the average fidelity is not suitable as an
indicator of nonlocality. We thus propose the use of the
post-processing fidelity, which does not allow the users to
benefit from communication in order to producing their
5outputs. This, with some verifiable assumptions on the
local probability distributions, allows us to construct a
CHSH-type expression for the outcomes of our telepor-
tation experiment. Here we find that an average fidelity
of 85% and 97.7% in the post processing scenario is suf-
ficient to quantify nonlocality for different assumptions.
We also explore some other models to see how they per-
form with respect to our assumptions and the use of the
average fidelity. For Gisin’s model and its variants, we
do not observe any strong relation between fidelity and
CHSH. We also give an example with high CHSH and
low fidelity to illustrate a possible limitation in using the
average fidelity to obtain bounds on the system.
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